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PURELY INFINITE LABELED GRAPH C∗-ALGEBRAS
JA A JEONG†, EUN JI KANG†, AND GI HYUN PARK‡
Abstract. In this paper, we consider pure infiniteness of generalized Cuntz-
Krieger algebras associated to labeled spaces (E,L, E). It is shown that a C∗-
algebra C∗(E,L, E) is purely infinite in the sense that every nonzero hereditary
subalgebra contains an infinite projection (we call this property (IH)) if (E,L, E)
is disagreeable and every vertex connects to a loop. We also prove that under the
condition analogous to (K) for usual graphs, C∗(E,L, E) = C∗(pA, sa) is purely
infinite in the sense of Kirchberg and Rørdam if and only if every generating
projection pA, A ∈ E , is properly infinite, and also if and only if every quotient
of C∗(E,L, E) has the property (IH).
1. Introduction
In the literature, one can find at least two definitions for pure infiniteness of C∗-
algebras. The property of a C∗-algebra having infinite projections in each of its
nonzero hereditary subalgebras was called ‘purely infinite’ in some articles (for ex-
ample, [1, 6, 11, 26, 30]), then the same terminology ‘purely infinite’ began to be
used by Kirchberg and Rørdam [28] to mean another infiniteness of C∗-algebras wth
the motivation to extend to non-simple C∗-algebras the fact that a simple separable
nuclear unital C∗-algebra A is purely infinite if and only if it is isomorphic to A⊗O∞
by finding the right definition of being purely infinite for non-simple C∗-algebras.
While these two definitions are known to be equivalent for simple C∗-algebras, one
of the two is neither stronger nor weaker than the other in general, and thus we
will say to avoid any confusion that a C∗-algebra has the property (IH) if it has
only infinite hereditary subalgebras, that is, every nonzero hereditary subalgebra
contains an infinite projection.
Pure infiniteness and the property (IH) have been studied for various classes of
C∗-algebras (a few examples are [1, 4, 5, 8, 13, 17, 18, 30, 31, 34] among many
others), and especially interesting results are known for graph C∗-algebras (see
[6, 11, 26]). The purpose of the present paper is to do this sort of study for labeled
graph C∗-algebras C∗(E,L, E) which is a generalization of the graph C∗-algebras.
The graph C∗-algebras C∗(E) associated to (directed) graphs E has drawn much
interest of many authors since they were introduced in [27] ([14] for finite graphs)
and has been generalized in many ways for the past twenty years. A graph C∗-
algebra C∗(E) is generated by a universal Cuntz-Krieger E-family consisting of
projections pv’s and partial isometries se’s indexed by the vertices v and the edges e
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of E satisfying a set of relations determined by the graph E so that every C∗-algebra
generated by a Cuntz-Krieger E-family is a quotient of C∗(E). By virtue of [11], it
is enough to consider row-finite graphs as far as the properties that are preserved
under strong Morita equivalence are concerned. (IH) is one of such properties, and
the following is known for a row-finite graph E:
Theorem 1.1. ([6, Proposition 5.3] and [26, Theorem 3.9]) C∗(E) has the property
(IH), if and only if E satisfies condition (L) and every vertex connects to a loop.
Condition (L) means that every loop has an exit, and the theorem actually holds
true for arbitrary graphs ([11, Corollary 2.14]). On the other hand, characterizations
of purely infinite graph C∗-algebras were obtained in [17, 23] for locally finite graphs
with no sinks and in [18] for arbitrary graphs. One consequence of [18] that we are
interested in is the following:
Theorem 1.2. ([18, Theorem 2.3]) For a graph E, the following are equivalent:
(a) Every quotient of C∗(E) has the property (IH).
(b) C∗(E) = C∗(pv, se) is purely infinite.
(c) There are no breaking vertices, and every projection pv is properly infinite.
(If E is row-finite, there are no breaking verices.) In the same paper, it is also shown
that if C∗(E) is purely infinite, then E satisfies condition (K) (that is, every vertex
lies on no loops or lies on at least two loops each of which is not an initial path of
the other) and that E satisfies condition (K) if and only if every ideal of C∗(E) is
invariant for the gauge action of T induced by universal property of C∗(E).
In order to obtain characterizations for the property (IH) or pure infiniteness
of labeled graph C∗-algebras as in Theorem 1.1 or Theorem 1.2, we need labeled
space analogues to the notions used in the theorems. A graph with condition (L)
was generalized to a disagreeable labeled space in [8] and this notion will play an
important role throughout this paper together with a notion of loop introduced in
[21]. Besides, we will heavily use the notion of quotient labeled space to deal with
quotient algebras of labeled graph algebras.
We begin in Section 2 with the definitions of a labeled space and its C∗-algebra,
and then review known facts about (quotient) labeled graph C∗-algebras and purely
infinite C∗-algebras. Briefly a labeled graph is a graph E equipped with a labeling
map L : E1 → A assigning a letter in the alphabet A to each edge of E. If B is an
accommodating set, a certain collection of vertex subsets, then a triple (E,L,B) is
called a labeled space. It is known in [7] that a C∗-algebra C∗(E,L,B) = C∗(pA, sa),
A ∈ B, a ∈ A, can be associated to (E,L,B) in a similar way as a graph C∗-
algebra could be to a graph. A labeled graph C∗-algebra C∗(E,L,B), by definition,
depends on the choice of an accommodating set B, and we will consider mostly
the smallest accommodating set which we denote by E . Throughout this paper, we
deal only with labeled spaces (E,L, E) of graphs E with no sinks that are weakly
left-resolving, set-finite, receiver set-finite, and normal unless stated otherwise. The
class of labeled graph C∗-algebras includes and strictly includes all the graph C∗-
algebras; for example, it is recently known [22] that there exists a family of unital
simple labeled graph C∗-algebras which are AT algebras with nonzero K1-groups,
whereas any simple graph C∗-algebra is known to be either AF or purely infinite.
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In Section 3, we investigate the property (IH) for labeled graph C∗-algebras. Our
main result is as follows:
Theorem 1.3. (Theorem 3.13.(a)) If (E,L, E) is a disagreeable labeled space such
that every vertex connects to a loop, then C∗(E,L, E) has the property (IH).
Note here that a loop in a labeled space is different from a cycle used in [9] while
every cycle is a loop and they are the same in a (trivially labeled) graph. In fact,
we provide an example of a labeled space (E,L, Eω) (see Example 3.16) without any
cycles but with loops for which the C∗-algebra C∗(E,L, Eω) is simple and purely
infninite. This example shows an obvious contrast between loops and cycles in a
labeled space. The converse of the theorem is also shown in Theorem 3.13.(b) under
some extra conditions.
In Section 4, we consider pure infiniteness of labeled graph C∗-algebras. We
say that a labeled space (E,L, E) is strongly disagreeable if every quotient labeled
space is disagreeable. Then we show in Lemma 4.4 that if (E,L, E) is strongly
disagreeable, then every ideal of C∗(E,L, E) is gauge-invariant. Thus the condition
of being strongly disagreeable can be considered as an analogue for condition (K).
The following is our main result for pure infiniteness of C∗(E,L, E).
Theorem 1.4. (Theorem 4.9) Let (E,L, E) be strongly disagreeable labeled space.
Then the following are equivalent for C∗(E,L, E) = C∗(sa, pA) :
(a) Every quotient of C∗(E,L, E) has the property (IH).
(b) C∗(E,L, E) is purely infinite.
(c) Every nonzero projection pA is properly infinite for A ∈ E.
We believe that the condition of (E,L, E) being strongly disagreeable should be
a necessary condition for its C∗-algebra to be purely infinite. As an evidence, in
Proposition 4.8, we show under some coditions that if C∗(E,L, E) is purely infinite,
then the labeled space (E,L, E) is strongly disagreeable.
2. Preliminaries
2.1. Directed graphs and labeled spaces. A directed graph is a quadruple E =
(E0, E1, r, s) consisting of two countable sets of vertices E0 and edges E1, and the
range, source maps r, s : E1 → E0. If a vertex v ∈ E0 emits (respectively, receives)
no edges, it is called a sink (respectively, a source). A graph E is row-finite if every
vertex emits only finitely many edges.
For each n ≥ 1, a finite path λ of length n, |λ| = n, is a sequence of edges λi ∈ E
1
such that r(λi) = s(λi+1) for 1 ≤ i ≤ n − 1. E
n denotes the set of all paths of
length n, and the vertices in E0 are regarded as finite paths of length zero. The
maps r, s naturally extend to the set E∗ = ∪n≥0E
n of all finite paths, especially
with r(v) = s(v) = v for v ∈ E0. We write E∞ for the set of all infinite paths
x = λ1λ2 · · · , λi ∈ E
1 with r(λi) = s(λi+1) for i ≥ 1, and define s(x) := s(λ1). For
A,B ⊂ E0 and n ≥ 0, set
AEn := {λ ∈ En : s(λ) ∈ A}, EnB := {λ ∈ En : r(λ) ∈ B},
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and AEnB := AEn ∩ EnB. We write Env for En{v} and vEn for {v}En, and will
use notation like AE≥k and vE∞ which should have their obvious meaning.
A finite path λ ∈ E≥1 with r(λ) = s(λ) is called a loop, and an exit of a loop λ is
a path δ ∈ E≥1 such that |δ| ≤ |λ|, s(δ) = s(λ), and δ 6= λ[1,|δ|]. A graph E is said
to satisfy condition (L) if every loop has an exit and E is said to satisfy condition
(K) if no vertex in E is the source vertex of exactly one loop which does not return
to its source vertex more than once.
Let A be a countable alphabet and let A∗ (respectively, A∞) denote the set
of all finite words (respectively, infinite words) in symbols of A. A labeled graph
(E,L) over A consists of a directed graph E and a labeling map L : E1 → A
which is always assumed to be onto. Given a graph E, one can define a so-called
trivial labeling map Lid := id : E
1 → E1 which is the identity map on E1 with the
alphabet E1. To each finite path λ = λ1 · · · λn ∈ E
n of a labeled graph (E,L) over
A, there corresponds a finite labeled path L(λ) := L(λ1) · · · L(λn) ∈ L(E
n) ⊂ A∗,
and similarly an infinite labeled path L(x) := L(λ1)L(λ2) · · · ∈ L(E
∞) ⊂ A∞ to
each infinite path x = λ1λ2 · · · ∈ E
∞. We often call these labeled paths just paths
for convenience if there is no risk of confusion, and use notation L∗(E) := L(E≥1),
where E≥1 = E∗ \ E0. We also write L(v) := v for v ∈ E0 and L(A) := A for
A ⊂ E0. A subpath αi · · ·αj of α = α1α2 · · ·α|α| ∈ L
∗(E) is denoted by α[i,j] for
1 ≤ i ≤ j ≤ |α|, and each α[1,j], 1 ≤ j ≤ |α|, is called an initial path of α. The
range and source of a path α ∈ L∗(E) are defined by
r(α) = {r(λ) ∈ E0 : λ ∈ E≥1, L(λ) = α},
s(α) = {s(λ) ∈ E0 : λ ∈ E≥1, L(λ) = α},
and the relative range of α ∈ L∗(E) with respect to A ⊂ E0 is defined by
r(A,α) = {r(λ) : λ ∈ AE≥1, L(λ) = α}.
A collection B of subsets of E0 is said to be closed under relative ranges for (E,L)
if r(A,α) ∈ B whenever A ∈ B and α ∈ L∗(E). We call B an accommodating
set for (E,L) if it is closed under relative ranges, finite intersections and unions and
contains r(α) for all α ∈ L∗(E). A set A ∈ B is called minimal (in B) if A ∩ B is
either A or ∅ for all B ∈ B. By Bmin, we denote the set
Bmin := {A ∈ B : A 6= ∅ and A ∩B is either A or ∅ for all B ∈ B }
of all nonempty minimal sets in B.
If B is accommodating for (E,L), the triple (E,L,B) is called a labeled space.
We say that a labeled space (E,L,B) is set-finite (receiver set-finite, respectively)
if for every A ∈ B and k ≥ 1 the set L(AEk) (L(EkA), respectively) is finite. A
labeled space (E,L,B) is said to be weakly left-resolving if it satisfies
r(A,α) ∩ r(B,α) = r(A ∩B,α)
for all A,B ∈ B and α ∈ L∗(E). If B is closed under relative complements, we call
(E,L,B) a normal labeled space as in [3].
PURELY INFINITE LABELED GRAPH C∗-ALGEBRAS 5
Assumption. Throughout this paper, we assume that graphs E have no sinks and
labeled spaces (E,L,B) are weakly left-resolving, set-finite, receiver set-finite, and
normal unless stated otherwise.
By E we denote the smallest accommodating set for which (E,L, E) is a normal
labeled space. Let Ω0(E) be the set of all vertices that are not sources, and for each
l ≥ 1, define a relation ∼l on Ω0(E) by v ∼l w if and only of L(E
≤lv) = L(E≤lw).
Then ∼l is an equivalence relation, and the equivalence class [v]l of v ∈ Ω0(E) is
called a generalized vertex (or simply a vertex if there is no risk of confusion). If k >
l, then [v]k ⊂ [v]l is obvious and [v]l = ∪
m
i=1[vi]l+1 for some vertices v1, . . . , vm ∈ [v]l
([8, Proposition 2.4]). The generalized vertices of labeled graphs play the role of
vertices in usual graphs. Moreover, we have
E =
{
∪ni=1 [vi]l : vi ∈ E
0, l ≥ 1, n ≥ 0
}
, (1)
with the convention
∑0
i=1[vi]l := ∅ by [21, Proposition 2.3].
2.2. C∗-algebras of labeled spaces. We review the definition of C∗-algebras as-
sociated to labeled spaces from [7, 8].
Definition 2.1. A representation of a labeled space (E,L,B) is a family of projec-
tions {pA : A ∈ B} and partial isometries {sa : a ∈ A} such that for A,B ∈ B and
a, b ∈ A,
(i) p∅ = 0, pA∩B = pApB, and pA∪B = pA + pB − pA∩B,
(ii) pAsa = sapr(A,a),
(iii) s∗asa = pr(a) and s
∗
asb = 0 unless a = b,
(iv) pA =
∑
a∈L(AE1) sapr(A,a)s
∗
a.
It is known [7, Theorem 4.5] that given a labeled space (E,L,B), there exists a C∗-
algebra C∗(E,L,B) generated by a universal representation {sa, pA} of (E,L,B).
We call C∗(E,L,B) the labeled graph C∗-algebra of a labeled space (E,L,B) which
is unique up to isomorphism, and simply write C∗(E,L,B) = C∗(sa, pA) to indicate
the generators. Note that sa 6= 0 and pA 6= 0 for a ∈ A and A ∈ B, A 6= ∅. Every
graph C∗-algebra is a labeled graph C∗-algebra of a trivial labeled space. The
labeled graph C∗-algebra C∗(E,L,B) depends on the choice of an accommodating
set B, but we are mainly interested in C∗-algebras of the labeled spaces (E,L, E)
throughout this paper.
Remark 2.2. Let (E,L,B) be a labeled space with C∗(E,L,B) = C∗(sa, pA). By ε,
we denote a symbol (not belonging to L∗(E)) such that r(ε) = E0 and r(A, ε) = A
for all A ⊂ E0. We write L#(E) for the union L∗(E) ∪ {ε}. Let sε denote the unit
of the multiplier algebra of C∗(E,L,B).
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(a) We have the following equality
(sαpAs
∗
β)(sγpBs
∗
δ) =


sαγ′pr(A,γ′)∩Bs
∗
δ , if γ = βγ
′
sαpA∩r(B,β′)s
∗
δβ′ , if β = γβ
′
sαpA∩Bs
∗
δ , if β = γ
0, otherwise,
for α, β, γ, δ ∈ L#(E) and A,B ∈ B (see [7, Lemma 4.4]). Since sαpAs
∗
β 6= 0
if and only if A ∩ r(α) ∩ r(β) 6= ∅, it follows that
C∗(E,L,B) = span{sαpAs
∗
β : α, β ∈ L
#(E) and A ⊆ r(α) ∩ r(β)}. (2)
(b) Universal property of C∗(E,L,B) = C∗(sa, pA) defines a strongly continuous
action γ : T→ Aut(C∗(E,L,B)), called the gauge action, such that
γz(sa) = zsa and γz(pA) = pA
for a ∈ A and A ∈ B. Averaging over γ with respect to the normalized Haar
measure of the compact group T,
Φ(a) :=
∫
T
γz(a)dz, a ∈ C
∗(E,L,B),
defines a conditional expectation Φ : C∗(E,L,B) → C∗(E,L,B)γ onto the
fixed point algebra which is also known to be faithful.
(c) It is shown in [8, Theorem 4.4] that C∗(E,L,B)γ is an AF algebra isomorphic
to C∗(E,L,B)γ ∼= ∪k,l(⊕[v]lF
k([v]l)), where
Fk([v]l) = span{sαp[v]ls
∗
β : α, β ∈ L(E
k)}. (3)
2.3. Cuntz-Krieger uniqueness theorem. Recall that a Cuntz-Krieger E-family
for a graph E is a representation of the labeled space (E,Lid, E) with the trivial
labeling, and the Cuntz-Krieger uniqueness theorem for graph C∗-algebras says that
if E satisfies condition (L), then every Cuntz-Krieger E-family of nonzero opera-
tors generates the same C∗-algebra C∗(E) up to isomorphism (for example, see [6,
Theorem 3.1], [11, Corollary 2.12], and [26, Theorem 3.7]). A condition for labeled
spaces corresponding to condition (L) for directed graphs was given in [8, Definition
5.2], and we briefly review it here.
A labeled path α ∈ L∗(E) with s(α) ∩ [v]l 6= ∅ is called agreeable for [v]l if
α = βα′ = α′γ for some α′, β, γ ∈ L∗(E) with |β| = |γ| ≤ l. Otherwise α is
called disagreeable. (Note that any path α agreeable for [v]l must be of the form
α = βkβ′ for some β ∈ E≤l, k ≥ 0, and an initial path β′ of β.) We say that [v]l
is disagreeable if there is an N ≥ 1 such that for all n > N there is an α ∈ L(E≥n)
which is disagreeable for [v]l. (It can be easily seen that [v]l is not disagreeable if
and only if there is an N ≥ 1 such that every path in L([v]lE
≥N ) is agreeable for
[v]l.) A labeled space (E,L,B) is said to be disagreeable if for every v ∈ E
0, there
is an Lv ≥ 1 such that every [v]l is disagreeable for all l ≥ Lv. Then it is shown
in [8, Lemma 5.3] that for a graph E, the labeled space (E,Lid, E) with the trivial
labeling is disagreeable if and only if E satisfies the condition (L).
In [9, Definition 9.5], the notion of cycle was introduced to define condition (LB)
for a labeled space (E,L,B) (more generally for Boolean dynamical systems) which
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can be regarded as another condition equivalent to condition (L) for usual directed
graphs. For a path α ∈ L∗(E) and a set ∅ 6= A ∈ E , the pair (α,A) is called a
cycle if B = r(B,αk) holds for all k ≥ 0 and nonempty subsets B ∈ E of A (see
the proof of [9, Proposition 9.6]). We say that a labeled space (E,L, E) satisfies
condition (LE) if there is no cycle without exits. We will see in Proposition 3.7
that every disagreeable labeled space satisfies condition (LE). The following is the
Cuntz-Krieger uniqueness theorem for labeled graph C∗-algebras.
Theorem 2.3. ([7, Theorem 5.5], [9, Theorem 9.9]) Let {ta, qA} be a representation
of a labeled space (E,L, E) such that qA 6= 0 for all nonempty A ∈ E. If (E,L, E)
satisfies condition (LE ), in particular if (E,L, E) is disagreeable, then the canonical
homomorphism φ : C∗(E,L, E) = C∗(sa, pA)→ C
∗(ta, qA) such that φ(sa) = ta and
φ(pA) = qA is an isomorphism.
2.4. Ideal structure of labeled graph C∗-algebras. We first review definitions
of quotient labeled spaces and their C∗-algebras which were introduced in [20] to
study the ideal structure of labeled graph C∗-algebras.
Let (E,L, E) be a labeled space and ∼R an equivalence relation on E . Denote
the equivalence class of A ∈ E by [A] (rather than [A]R) and set
AR : = {a ∈ A : [r(a)] 6= [∅]}
LR(E
n) : = {α ∈ L(En) : [r(α)] 6= [∅]} for n ≥ 1,
L∗R(E) : = {α ∈ L
∗(E) : [r(α)] 6= [∅]}
LR([A]E
n) : = {α ∈ L([A]En) : [r(α)] 6= [∅]} for n ≥ 1,
and so forth. If the following operations
[A] ∪ [B] := [A ∪B], [A] ∩ [B] := [A ∩B], [A] \ [B] := [A \B]
are well-defined on E/R := {[A] : A ∈ E} and if the relative range
r([A], α) := [r(A,α)]
is well-defined for [A] ∈ E/R and α ∈ L∗R(E) so that r([A], α) = [∅] for all α ∈ L
∗
R(E)
implies [A] = [∅], we call (E,L, E/R) a quotient labeled space of (E,L, E).
We say that a quotient labeled space (E,L, E/R) is weakly left-resolving if for
[A], [B] ∈ E/R and α ∈ L∗R(E), the following holds:
r([A], α) ∩ r([B], α) = r([A] ∩ [B], α).
We write [A] ⊆ [B] if [A] ∩ [B] = [A], and [A] ( [B] if [A] ⊆ [B] and [A] 6= [B].
Definition 2.4. ([20, Definition 3.3]) A representation of a quotient labeled space
(E,L, E/R) (always assumed weakly left-resolving) is a family of projections {p[A] :
[A] ∈ E/R} and partial isometries {sa : a ∈ AR} such that
(i) p[∅] = 0, p[A]∩[B] = p[A]p[B], and p[A]∪[B] = p[A] + p[B] − p[A]∩[B],
(ii) p[A]sa = sapr([A],a),
(iii) s∗asa = p[r(a)] and s
∗
asb = 0 unless a = b,
(iv) p[A] =
∑
a∈LR([A]E1)
sapr([A],a)s
∗
a if LR([A]E
1) 6= ∅.
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It is known [20, Theorem 3.10] that if (E,L, E/R) is a quotient labeled space, there
exists a C∗-algebra C∗(E,L, E/R), called the quotient labeled graph C∗-algebra of
(E,L, E/R), generated by a universal representation of (E,L, E/R). By [20, Lemma
3.8], we have
C∗(E,L, E/R) = span
{
sαp[A]s
∗
β : α, β ∈ L
∗
R(E), [A] 6= [∅]
}
. (4)
The equivalence relation on E which we are most interested in is related with
hereditary saturated subsets H of E . Recall from [20, Definition 3.4] that a subset
H of E is hereditary if it is closed under finite unions, relative ranges, and subsets in
E . A hereditary set H is saturated if A ∈ H whenever A ∈ E satisfies r(A,α) ∈ H
for all α ∈ L∗(E). Every hereditary saturated subset H ⊂ E defines an equivalence
relation ∼H on E ; for A,B ∈ E ,
A ∼H B ⇐⇒ A ∪W = B ∪W for some W ∈ H.
For a hereditary set H, let H be the smallest hereditary saturated set containing
H. Then the ideal IH of C
∗(E,L, E) generated by the projections {pA : A ∈ H} is
gauge-invariant ([20, Lemma 3.7]) and
IH = span{sµpAs
∗
ν : µ, ν ∈ L
#(E), A ∈ H}.
Remark 2.5. Let (E,L, E) be a labeled space.
(a) H 7→ IH is an inclusion preserving bijection between the nonempty hered-
itary saturated subsets of E and the nonzero gauge-invariant ideals of the
C∗-algebra C∗(E,L, E). Moreover, the quotient algebra C∗(E,L, E)/IH is
isomorphic to C∗(E,L, E/H) ([20, Theorem 5.2]).
(b) Every quotient labeled graph C∗-algebra C∗(E,L, E/R) = C∗(sa, p[A]) ad-
mits the gauge action γ of T,
γz(sa) = zsa and γz(p[A]) = p[A]
for a ∈ AR and [A] ∈ E/R. It can be seen as in [8, Theorem 4.4] that the
fixed point algebra
C∗(E,L, E/R)γ = span{sαp[A]s
∗
β : α, β ∈ LR(E
n), n ≥ 1, [A] ∈ E/R}
is an AF algebra (see the proof of [20, Theorem 4.2]). Also, one sees as
in Remark 2.2.(b) that there exists a faithful conditional expectation Φ of
C∗(E,L, E/R) onto the fixed point algebra C∗(E,L, E/R)γ .
2.5. Simplicity of labeled graph C∗-algebras. Let (E,L, E) be a labeled space
and let
L(E∞) := {x ∈ AN | x[1,n] ∈ L(E
n) for all n ≥ 1}
be the set of all infinite sequences x such that every finite subpath of x occurs as a
labeled path in (E,L). Clearly L(E∞) ⊂ L(E∞), and in fact, L(E∞) is the closure
of L(E∞) in the totally disconnected perfect space AN which has the topology with
a countable basis of open-closed cylinder sets Z(α) := {x ∈ AN : x[1,n] = α},
α ∈ An, n ≥ 1 (see Section 7.2 of [25]). We say that a labeled space (E,L, E) is
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strongly cofinal if for each x ∈ L(E∞) and [v]l ∈ E , there exist an N ≥ 1 and a
finite number of paths λ1, . . . , λm ∈ L
∗(E) such that
r(x[1,N ]) ⊂ ∪
m
i=1r([v]l, λi).
Remarks 2.6. For simplicity of C∗(E,L, E), we note the following.
(a) If (E,L, E) is disagreeable and strongly cofinal, then C∗(E,L, E) is simple
(see [19, Theorem 3.16] and [22, Remark 3.8]): a condition of being dis-
agreeable and cofinal assumed in [8, Theorem 6.4] is in fact not sufficient
for the C∗-algebra C∗(E,L, E) to be simple, but modifying its proof for dis-
agreeable and strongly cofinal labeled space one can obtain the simplicity
result.
(b) It is recently obtained in [9, Theorem 9.16] that C∗(E,L, E) is simple if and
only if (E,L, E) satisfies condition LE and the only hereditary and saturated
subsets of E are ∅ and E .
2.6. Purely infinite C∗-algebras. For positive elements a, b in a C∗-algebra A,
we write a - b if there exists a sequence {xk}
∞
k=1 in A such that x
∗
kbxk → a. More
generally, for positive elements a ∈ Mn(A) and b ∈ Mm(A), write a - b if there
exists a sequence {xk}
∞
k=1 in Mm,n(A) such that x
∗
kbxk → a. A positive element
a ∈ A is said to be infinite if there exists a nonzero positive element b ∈ A such that
a⊕ b - a, and properly infinite if a ⊕ a - a. Every properly infinite a is obviously
infinite. Because the relation a ⊕ a - a is preserved under ∗-homomorphisms, if
a ∈ A is properly infinite, then for any ideal I of A the element a+ I is either zero
or properly infinite.
A C∗-algebra A is said to be purely infinite if there are no characters on A and
if for every pair of positive elements a, b ∈ A, a - b if and only if a ∈ AbA (see
[28, Definition 4.1]). Note that any C∗-algebra of type I is not purely infinite ([28,
Definition 4.4]). For example, C(T)⊗Mn is not purely infinite for n ≥ 1.
Remarks 2.7. Let A be a C∗-algebra and a ∈ A.
(a) A is purely infinite if and only if every nonzero positive element in A is
properly infinite ([28, Theorem 4.16]). For projections p, q in A, we write
p  q if p is Murray-von Neumann equivalent to a subprojection of q, namely
p ∼ q ≤ p. A projection p ∈ A is infinite if and only if p ∼ q  p for some
subprojection q of p, and is properly infinite if and only p has mutually
orthogonal subprojections p1 and p2 such that p1 ∼ p2 ∼ p.
(b) A is purely infinite if every nonzero hereditary C∗-subalgebra in every quo-
tient algebra of A contains an infinite projection ([28, Proposition 4.7]).
(c) Every nonzero hereditary C∗-subalgebra and every quotient algebra of a
purely infinite C∗-algebra is again purely infinite ([28, Proposition 4.17 and
Proposition 4.3]).
(d) If A is simple, then A is purely infinite if and only if it has the property (IH)
(see [28, Proposition 4.6 and Proposition 5.4]). It should be noted that for
non-simple C∗-algebras, one of these two properties is neither weaker nor
stronger than the other, in general (for example, see [28, Example 4.6]).
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3. Labeled graph C∗-algebras with the property (IH)
3.1. Infinite C∗-algebras of disagreeable labeled spaces. Because the origi-
nal definition of a disagreeable labeled space seems a bit complicated, we list its
equivalent but simpler conditions in Proposition 3.2 after we observe the following
lemma which will be frequently used.
Lemma 3.1. Let α and β be paths in L∗(E) (or words in A∗) with |α| ≤ |β|. If
αm = βn for some m,n ≥ 1, then α, β ∈ {αk0 : k ≥ 1} for an initial path α0 of α.
Proof. If |α| = 1 or n = 1, there is nothing to prove. Thus we assume |α| > 1 and
n > 1. Since |α| ≤ |β| and the path αm = βn begins with both of α and β, the
longer path β must have α as its initial path. If β = αn1 for some n1 ≥ 1, we are
done. Otherwise, we can write β = αn1α(1) for some n1 ≥ 1 and an initial path
α(1) of α with 1 ≤ |α(1)| < |α|. Then by canceling αn1 from the left of both sides of
αm = βn, we obtain αm−n1 = α(1)βn−1. Thus, with a subpath α(2) of α such that
α = α(1)α(2), it follows that
α(1)α(2) · · ·α(1)α(2) = α(1)αn1α(1) · · ·αn1α(1)
in which the right hand side is equal to α(1)(α(1)α(2))n1α(1) · · ·αn1α(1), hence com-
paring initial parts of both sides we see that α(2)α(1) = α(1)α(2). Thus the lemma
reduces to the following claim:
Claim. If α, β ∈ L∗(E) and αβ = βα, then α, β ∈ {δk : k ≥ 1} for some δ ∈ L∗(E).
Again we may assume that |α| < |β| and β = αmα(1) for some m ≥ 1 and an initial
path α(1) of α with 1 ≤ |α(1)| < |α|. Then αβ = βα gives αα(1) = α(1)α. If α is
a repetition of α(1), that is, α = (α(1))n for some n ≥ 1, the claim follows. If not,
with α = α(1)α(2), we have from αα(1) = α(1)α that α(1)α(2) = α(2)α(1). If one of
α(1) or α(2) is a repetition of the other, for example if α(1) = (α(2))s for some s ≥ 1,
we can take α(2) for δ. If not, we continue the process to obtain
α(k)α(k+1) = α(k+1)α(k) (5)
for initial paths α(k), k ≥ 1, of α. We can check if one of α(k) or α(k+1) is a
repetition of the other whenever we arrives at step (5). If it is the case, then we
stop and obtain the claim. If not, again we can go on to the next step but with
paths having length smaller than the previous step. Obviously this process should
stop after finite steps, and when it stops we obtain an initial path δ of α satisfying
the claim. 
Proposition 3.2. For a labeled space (E,L,B), the following are equivalent:
(a) (E,L,B) is disagreeable.
(b) [v]l is disagreeable for all v ∈ E
0 and l ≥ 1.
(c) For each nonempty A ∈ B and a path β ∈ L∗(E), there is an n ≥ 1 such
that L(AE|β|n) 6= {βn}.
Proof. The first two are known to be equivalent in [19, Proposition 3.9.(iii)].
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To show (b)⇒ (c), suppose there are a nonempty set A ∈ E and a path β ∈ L∗(E)
such that L(AE|β|n) = {βn} for all n ≥ 1. Then for a vertex ∅ 6= [v]l ⊂ A with
l ≥ |β|, L([v]lE
|β|n) = {βn} for all n ≥ 1, and [v]l is not disagreeable.
For (c) ⇒ (b), suppose [v]l is not disagreeable for some v ∈ E
0 and l ≥ 1.
Then, by [19, Proposition 3.9.(i)], there is an N ≥ l such that every path in
L([v]lE
≥N ) is agreeable for [v]l. Observe here that for any δ ∈ L
∗(E), every path
in L(r([v]l, δ
N )E≥1) is agreeable for [v]l, which is immediate from the inclusion re-
lation L(r([v]l, δ
N )E≥1) ⊂ L([v]lE
≥N ). One can choose a (finite) set {δ1, . . . , δm}
of paths δ ∈ L∗(E) with |δ| ≤ l such that every path in L([v]lE
≥N ) is of the form
δni δ
′
i (6)
for some n ≥ 1, 1 ≤ i ≤ m, and δ′i an initial path of δi. We may assume that
if i 6= j, then |δnii | = |δ
nj
j | and δ
ni
i 6= δ
nj
j for some ni, nj ≥ 1. (7)
In fact, if δn11 = δ
n2
2 whenever |δ
n1
1 | = |δ
n2
2 |, then by Lemma 3.1 we can find an
initial path δ of δ1 such that δ1 and δ2 are equal to some repetitions of δ. Then we
remove δ1, δ2 from the set {δ1, . . . , δm}, and include δ instead. Pick L ≥ N large
enough so that the path δL1 can not be of the form in (6) for i 6= 1 (this is possible
by (7)). Then for A := r([v]l, δ
L
1 ) ∈ E , every path in L(AE
≥1), already observed as
agreeable for [v]l, must be of the form δ
n
1 δ
′
1. But this contradicts to (c). 
We can naturally extend the notion of ‘disagreeable labeled space’ to ‘disagree-
able quotient labeled space’ as follows. The Cuntz-Krieger uniqueness theorem for
disagreeable quotient labeled spaces will be given in Section 4.
Definition 3.3. Let (E,L, E/R) be a quotient labeled space and [[v]l] 6= [∅] in E/R.
A path α ∈ L∗R(E) with s(α) ∩ [[v]l] 6= ∅ is said to be agreeable for [[v]l] if
[r([v]l, α)] = [∅] or α = βα
′ = α′γ
for some α′, β, γ ∈ L∗R(E) with |β| = |γ| ≤ l. Otherwise α is disagreeable for [[v]l].
Also [[v]l] is called disagreeable if there is an N ≥ 1 such that for all n > N ,
LR([[v]l]E
≥n) := L([[v]l]E
≥n) ∩ A∗R
has a disagreeable path for [[v]l]. The quotient labeled space (E,L, E/R) is said to
be disagreeable if every [[v]l] 6= [∅] is disagreeable for l ≥ 1 and v ∈ E
0.
Remark 3.4. As in Proposition 3.2, one can prove that (E,L, E/R) is disagreeable
if and only if for each [A] 6= [∅] in E/R and a path β ∈ L∗R(E), there is an n ≥ 1
such that LR([A]E
|β|n) 6= {βn}.
It is easy to see that if a graph E has a loop with an exit, the C∗-algebra C∗(E)
contains an infinite projection. In order to see whether this is true for labeled graph
C∗-algebras, we will use the following definitions of loop and exit in a quotient
labeled space (see [21, Definition 3.2]).
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Definition 3.5. Let (E,L, E/R) be a quotient labeled space. For a path α ∈ L∗R(E)
and a set ∅ 6= [A] ∈ E/R, we call (α, [A]) a loop if [A] ⊆ r([A], α). We say that a
loop (α, [A]) has an exit if one of the following holds:
(i) there exists a path β ∈ LR([A]E
≥1) such that
|β| = |α|, β 6= α, and r([A], β) 6= [∅],
(ii) [A] ( r([A], α).
Clearly every cycle is a loop, and if (α,A) is a cycle with an exit, the exit must be
of type (i).
Example 3.6. We give examples of labeled spaces with loops which have exits of
types (i) and (ii), respectively.
(i) For the labeled graph (E,L) given below, let H be the smallest hereditary
saturated subset of E containing r(c) = {v0} ∈ E . Then {v} ∈ H for each
v ∈ E0. Consider the quotient labeled space (E,L, E/H).
· · · .
· · ·
· · ·
• • • •
•• • •
•• • •
...
...
...
...
;; // //
OO OO
//
OO OO
OO OO OO OO
c
a a a
v3v2v1v0
b b b b
b b b b
Then [r(a)] = [r(a2)] 6= [∅], and since
[r(a)] ∩ r([r(a)], a) = [r(a)] ∩ [r(a2)] = [r(a)],
we see that (a, [r(a)]) is a loop. On the other hand, for b ∈ LH([r(a)]E
1),
[r(b)] 6= [∅] in E/H, it follows from r([r(a)], b) = [r(ab)] 6= [∅] that the loop
(a, [r(a)]) has an exit b of type (i) of Definition 3.5.
(ii) Let H be the smallest hereditary saturated subset containing r(c) = {v0}
in the following labeled space.
· · · .
· · ·
· · ·
· · ·
· · ·
• • • •
•• • •
•• • •
•• • •
•• • •
...
...
...
...
...
...
...
...
;; // //
OO OO
//
OOOO OO
OO OO OO OO
OO OO OO OO
OO OO OO OO
a a a
c
v0
a a a a
a a a a
1 1 1 1
2 2 2 2
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Then (a, [r(1)]) is a loop in the quotient labeled space (E,L, E/H) such that
[r(1)] ( r([r(1)], a) = [(r(1a)]. That is, the loop (a, [r(1)]) has an exit of
type (ii) of Definition 3.5.
If a directed graph E has a loop with an exit, the exit gives rise to an infinite
projection in the graph C∗-algebra C∗(E). The same is true for labeled graph
C∗-algebras ([21, Proposition 3.5]), and more generally for quotient lebeled graph
C∗-algebras as we see from the following proposition.
Proposition 3.7. Let (E,L, E/R) be a quotient labeled space. If (α, [A]) is a loop
with an exit, then p[A] is an infinite projection in C
∗(E,L, E/R). In particular, if
(E,L, E/R) is disagreeable, every loop (α, [A]) has an exit and p[A] is an infinite
projection.
Proof. If (α, [A]) has an exit of type (i) with a path β ∈ LR([A]E
|α|) such that
β 6= α and r([A], β) 6= [∅], then the projection p[A] is infinite since
pr([A],α) ≥ p[A] =
∑
|δ|=|α|
sδpr([A],δ)s
∗
δ > sαpr([A],α)s
∗
α ∼ pr([A],α).
If (α, [A]) has an exit of type (ii), that is [A] ( r([A], α), then
pr([A],α) ∼ sαpr([A],α)s
∗
α ≤ p[A]  pr([A],α),
which shows that p[A] is infinite.
To prove the second assertion, let (E,L, E) be a disagreeable labeled space. If
A ( r([A], α), α has an exit of type (ii). Assume that [A] = r([A], α). Then by
Proposition 3.2 (see Remark 3.4), there is an n ≥ 1 such that L([A]E|α|n) 6= {αn}.
Letm be the smallest integer among such n’s with L([A]E|α|n) 6= {αn}, and choose a
path β ∈ L([A]E|α|m) with β 6= αm. If m = 1, or m > 1 and β[1,|α|] 6= α, then β[1,|α|]
is an exit of (α, [A]). Ifm > 1 and β = αβ′′ for some β′′, then from [A] = r([A], α) we
see that β′′ ∈ L(AE|α|(m−1)). Then β′′ 6= αm−1, that is L([A]E|α|(m−1)) 6= {αm−1}
follows, but this contradicts to the choice of m. 
3.2. Labeled graph C∗-algebras with the property (IH). As mentioned in
Introduction, it is well known that for a graph E satisfying condition (L), the C∗-
algebra C∗(E) has the property (IH) if and only if every vertex connects to a loop.
We will prove in Theorem 3.13 that for a disagreeable labeled space (E,L, E), if every
vertex connects to a loop in the sense of Definition 3.10 below, then C∗(E,L, E)
has the property (IH). Its converse will be shown to be true under an additional
condition. To prove Theorem 3.13, we need the following useful proposition which
can be obtained by similar arguments used in [8, Theorem 6.9] and [6, Proposition
5.3] with slight modifications. We provide a detailed proof here for the reader’s
convenience.
Proposition 3.8. Let (E,L, E) be a disagreeable labeled space. Then every nonzero
hereditary C∗-subalgebra of C∗(E,L, E) contains a nonzero projection p such that
0 6= sµpAs
∗
µ  p for some µ ∈ L
∗(E) and A ∈ E with A ⊂ r(µ).
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Proof. Let B be a nonzero hereditary C∗-subalgebra of C∗(E,L, E) and fix a positive
element a ∈ B with ‖Φ(a)‖ = 1. Choose a positive element b ∈ span{sαpAs
∗
β : α, β ∈
L∗(E) and A ⊆ r(α) ∩ r(β)} so that ‖a− b‖ < 14 . From [8, Proposition 2.4.(ii) and
(iii)], we may write b =
∑
(α,[w]l,β)∈F
c(α,[w]l,β)sαp[w]ls
∗
β, where F is a finite subset of
L∗(E)×Ωl×L
∗(E) for some l ≥ 1. Let b0 = Φ(b) ≥ 0. Since Φ is norm-decreasing,
we have
|1− ‖b0‖| = |‖Φ(a)‖ − ‖Φ(b)‖| ≤ ‖Φ(a− b)‖ ≤ ‖a− b‖ <
1
4
,
and hence ‖b0‖ ≥
3
4 . Let k = max{|α|, |β| : (α, [w]l , β) ∈ F}. Applying Definition
2.1.(iv) and changing F (if necessary), we can choose a k ∈ N so that min{|α|, |β|} =
k for every (α, [w]l, β) ∈ F . Let M = max{|α|, |β| : (α, [w]l, β) ∈ F}. Applying [8,
Proposition 2.4.(iii)] again, we may choose m ≥M large enough so that
b0 ∈ ⊕{w:(α,[w]l,β)∈F}F
k([w]m)
(see (3) for Fk([w]m)). Now, ‖b0‖ must be attained in some summand F
k([v]m).
Let b1 be the component of b0 in F
k([v]m) so that ‖b0‖ = ‖b1‖ and note that b1 ≥ 0.
Then we can choose a projection r ∈ C∗(b1) ⊆ F
k([v]m) such that rb1r = ‖b1‖r.
Since b1 is a finite sum of sαp[v]ms
∗
β, we can write r as a sum
∑
cαβsαp[v]ms
∗
β over
all pairs of paths in
G = {α ∈ L(Ek) : either (α, [v]m, β) ∈ F or (β, [v]m, α) ∈ F}.
Note that rb0r = rb1r and the G × G-matrix (cαβ) is also a projection in a finite
dimensional matrix algebra Fk([v]m) = span{sαp[v]ms
∗
β : α, β ∈ G}.
Since [v]m is disagreeable, we may choose a path λ ∈ L
∗(E) with |λ| > M so
that λ has no factorization λ = λ′λ′′ = λ′′δ for some |λ′|, |δ| ≤ m. Then because
span{sαλpr([v]m,λ)s
∗
βλ : α, β ∈ G} is also a finite dimensional matrix algebra gener-
ated by the family of non-zero matrix units {sαλpr([v]m,λ)s
∗
βλ : α, β ∈ G},
Q =
∑
α,β∈G
cαβsαλpr([v]m,λ)s
∗
βλ
is a projection satisfying
r =
∑
cαβsαp[v]ms
∗
β =
∑
cαβsα(sλpr([v]m,λ)s
∗
λ + (p[v]m − sλpr([v]m,λ)s
∗
λ))s
∗
β ≥ Q.
We claim that for (µ, [v]m, ν) ∈ F ,
Qsµp[v]ms
∗
νQ = 0 unless |µ| = |ν| = k and [v]m ⊆ r(µ) ∩ r(ν).
Suppose that (µ, [v]m, ν) ∈ F with |µ| 6= |ν|. We may assume |µ| = k because either
µ or ν has length k. Since s∗βλsµ 6= 0 if and only if β = µ, we have
Q(sµp[v]ms
∗
ν)Q = (
∑
α′,β′∈G
cα′β′sα′λpr([v]m,λ)s
∗
β′λ)(sµp[v]ms
∗
ν)(
∑
α,β∈G
cαβsαλpr([v]m,λ)s
∗
βλ)
= (
∑
α′∈G
cα′µsα′λpr([v]m,λ)s
∗
µλsµp[v]ms
∗
ν)(
∑
α,β∈G
cαβsαλpr([v]m,λ)s
∗
βλ)
=
∑
α,β∈G
cαβ(
∑
α′∈G
cα′µsα′λpr([v]m,λ)s
∗
νλ)sαλpr([v]m,λ)s
∗
βλ.
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To be s∗νλsαλ 6= 0, νλ must extend αλ, so that νλ = αλδ for some δ ∈ L
∗(E). On
the other hand, we may say that ν = αλ′ where λ = λ′λ′′ for some λ′, λ′′ ∈ L∗(E)
since |ν| > |α| = k. As αλ′λ = νλ = αλδ = αλ′λ′′δ, we have
λ = λ′λ′′ = λ′′δ
with |λ′| = |δ|. Because |ν| = |αλ′| ≤M with |α| = k, we know |λ′| ≤M − k ≤ m,
which contradicts to the fact that λ is disagreeable for [v]m.
Thus, we see that
QbQ = Qb1Q = Qrb1rQ = ‖b1‖rQ = ‖b0‖Q ≥
3
4
Q.
Since ‖a − b‖ < 14 , we have QaQ ≥ QbQ −
1
4Q ≥
1
2Q. This implies that QaQ is
invertible in QC∗(E,L, E)Q. Let c be the inverse of QaQ in QC∗(E,L, E)Q and
put v = c
1
2Qa
1
2 . Then v∗v = a
1
2QcQa
1
2 ≤ ‖c‖a, and hence v∗v ∈ B. Since
v∗v ∼ vv∗ = c
1
2QaQc
1
2 = Q,
the hereditary C∗-subalgebra B contains a non-zero projection equivalent to Q.
Note thatQ belongs to the finite dimensional subalgebra C := span{sαλpr([v]m,λ)s
∗
βλ :
α, β ∈ G} for which the elements {sαλpr([v]m,λ)s
∗
βλ} forms a matrix unit. This means
that Q dominates a minimal projection in C. Since every minimal projection in C
is equivalent to a minimal projection of the form sαλpr([v]m,λ)s
∗
αλ, the hereditary
subalgebra B also contains a projection equivalent to the desired form. 
Proposition 3.9. Let (E,L, E) be a disagreeable and strongly cofinal labeled space.
Then the following are equivalent:
(a) C∗(E,L, E) is purely infinite.
(b) Every nonzero projection pA is infinite for A ∈ E.
Proof. We only need to show that (b) implies (a). By Proposition 3.8, every nonzero
hereditary subalgebra contains a projection p such that pA  p for a nonempty set
A ∈ E . Thus p should be infinite, and C∗(E,L, E) has the property (IH). Since
C∗(E,L, E) is simple, it is purely infinite. 
Definition 3.10. Let (E,L, E) be a labeled space. We say that every vertex con-
nects to a loop in (E,L, E) if for each [v]l, there exist a loop (α,A) and a finitely
many paths δ1, . . . , δm ∈ L
∗(E) such that δi is not an initial path of δj for j 6= i and
A ⊆ ∪mi=1r([v]l, δi). (8)
This definition naturally extends to quotient labeled spaces (E,L, E/R).
Note that the condition in the above definition for a path δi to be an initial path of
none of the rest of the paths implies that s∗δisδj = 0 for i 6= j in C
∗(E,L, E). This
is the case if δi’s are distinct paths with the same length.
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Remark 3.11. In [8, Definition 6.6], it is said that every vertex connects to a re-
peatable path if for each [v]m, there exist w ∈ E
0, L ≥ 1, and α, δ ∈ L∗(E) such
that
[w]L ⊆ r([v]m, δ) and (α, [w]l) is a loop for l ≥ L. (9)
This property is obviously stronger than the one (every vertex connects to a loop)
given in Definition 3.10, and actually strictly stronger as we will see in Example 3.12.
It is known in [8, Theorem 6.9] that if a labeled space (E,L, E) is disagreeable,
strongly cofinal, and every vertex connects to a repeatable path, then the simple C∗-
algebra C∗(E,L, E) has the property (IH). We will extend this result to disagreeable
labeled spaces in which every vertex connects to a loop (see Theorem 3.13).
Example 3.12. In the following labeled space (E,L, E), if (α, [w]l) is a loop, then
w = vk and α ∈ {a, b}
n for some k, n ≥ 1.
· · · · · ·
· · ·· · ·
· · · · · ·
· · · · · ·
· · ·· · ·
...
...
...
...
...
...
...
• • • • • • •
• • • • • • •
• • • • • • •
•• •• •• •
•• •• •• •
   
   













&& && && && && &&
88 88 88 88 88 88
a a a a a a
b b b b b b
v0 v1v−1v−2v−3 v2 v3
2 2 2 2 2 2 2
32 31 32 31 32 31 32
42 43 44 41 42 43 44
56 57 58 51 52 53 54
But for a fixed n, if l′ is large enough, then (α, [vk ]l′) fails to be a loop, accordingly
there is no vertex that connects to a repeatable path in the sense of (9). On the
other hand, every vertex connects to a loop ([vj ]l, a
n) for some j, l, n ≥ 1. Since
(E,L, E) is disagreeable and strongly cofinal, the C∗-algebra C∗(E,L, E) is simple,
and we will see that it is purely infinite by Theorem 3.13 below.
Recall that a graph C∗-algebra C∗(E) has the property (IH) if and only if E
satisfies condition (L) and every vertex connects to a loop. In the following theo-
rem we show that a labeled graph C∗-algebra C∗(E,L, E) has (IH) if (E,L, E) is
disagreeable and every vertex connects to a loop. For the converse, we need the
following additional assumptions for (E,L, E):
(∗)
{
if A ∈ E , A 6= ∅, then B ⊂ A for some B ∈ Emin, and
if A ∈ Emin, then r(A,α) ∈
{
∪ni=1 Bi : Bi ∈ Emin, n ≥ 1
}
for all α ∈ L∗(E).
Note that the condition (∗) also makes sense for quotient labeled spaces (E,L, E/R)
(with E/R and L∗R(E) in place of E and L
∗(E), respectively). While (∗) seems
restrictive, it is not too restrictive to imply that every nonempty A ∈ E is a finite
union of minimal sets. For example, in the following disagreeable labeled space,
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•
•
•
•
•
•
•
;; ** // // //
44

//
OO
// //

OO
b
a
a
a
a
a a
a a
c c c c
v0
v2
v1
· · ·
each vertex set {v} ∈ E , v ∈ E0, is a minimal set in E , hence every nonempty set
A ∈ E contains a minimal set and obviously every relative range with respect to a
minimal set is a finite union of minimal sets. But not every A ∈ E , like A = r(a),
is a finite union of minimal sets.
Theorem 3.13. For a disagreeable labeled space (E,L, E), we have the following:
(a) If every vertex connects to a loop, then C∗(E,L, E) has the property (IH).
Moreover every nonzero hereditary C∗-subalgebra of C∗(E,L, E) contains an
infinite projection equivalent to a projection pA for some A ∈ E.
(b) Assume further that (E,L, E) satisfies (∗). If C∗(E,L, E) has the property
(IH), then every vertex connects to a loop.
Proof. (a) Let C∗(E,L, E) = C∗(sa, pA). We first show that the projections p[v]l of
generalized vertices [v]l are all infinite. Given a generalized vertex [v]l, choose a path
γ ∈ Ll(E) such that [v]l ⊂ r(γ). Since [v]l connects to a loop by our assumption,
there exist a loop (α,A) and finitely many paths δ1, . . . , δm such that s
∗
δi
sδj = 0
whenever i 6= j. Set
Ai := A ∩ r([v]l, δi) ⊂ A ∩ r(γδi) and Bi := Ai \ ∪
i−1
j=1Aj (B1 := A1)
for i = 1, . . . ,m. Then the projections pBi ’s are mutually orthogonal and
pA =
∑
i
pBi ≤
∑
i
pBis
∗
γδi
sγδipBi
=
(∑
i
pBis
∗
γδi
)(∑
i
pBis
∗
γδi
)∗
∼
(∑
i
pBis
∗
γδi
)∗(∑
i
pBis
∗
γδi
)
=
∑
i
sγδipBis
∗
γδi
= sγ ·
∑
i
sδipBis
∗
δi
· s∗γ
≤ sγ ·
∑
i
sδipr([v]l,δi)s
∗
δi
· s∗γ
≤ sγp[v]ls
∗
γ ∼ p[v]l .
Thus the projection p[v]l is infinite since pA is infinite by Proposition 3.7.
On the other hand, every nonempty set in E is a finite union of generalized
vertices, hence it follows that every projection pB, B ∈ E , is infinite. By Propo-
sition 3.8, any nonzero hereditary subalgebra of C∗(E,L, E) contains a nonzero
projection p such that sµpBs
∗
µ  p for some µ ∈ L
∗(E) and B ∈ E with B ⊂ r(µ).
But the projection sµpBs
∗
µ ∼ pB is infinite, and thus p is infinite.
(b) We claim that if there is a vertex [v]l which does not connect to any loop,
then C∗(E,L, E) has an AF ideal.
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Suppose a vertex [v]l ∈ E does not connect to any loop. By our assumption (∗),
we may assume that [v]l is minimal in E . Let
{Bn : n ≥ 1} := {B ∈ Emin : B ⊂ r([v]l, α) for some α ∈ L
#(E)}.
(There could be only finitely many Bn’s, but the arguments given below work even
in this case.) Note that each Bn does not connect to any loop because [v]l would
connect to a loop otherwise. Hence for each n ≥ 1 and α ∈ L(BnE
≥1),
r(Bn, α) ∩Bn = ∅ (10)
since minimality of Bn implies Bn ⊂ r(Bn, α) whenever r(Bn, α) ∩ Bn 6= ∅. If
n 6= m and Bn ∩ r(Bm, λ) 6= ∅ for some λ ∈ L
∗(E) (hence, if Bn ⊆ r(Bm, λ)), we
write Bm > Bn. Note that Bn 6> Bn for all n ≥ 1, and once Bm > Bn holds for
n 6= m, then Bn 6> Bm because of (10). The set of all finite unions of Bn’s which
we denote by H is readily seen to be a hereditary subset of E by our assumption.
With pn := pBn , n ≥ 1, the ideal IH generated by the projections {pB : B ∈ H}
can be easily seen to be
IH = span{sαpns
∗
β : α, β ∈ L
∗(E), n ≥ 1}.
Set Jn := span{sαpns
∗
β : α, β ∈ L
∗(E)} for each n ≥ 1. Consider the product
X := (sαpns
∗
β)(sµpms
∗
ν) of two elements sαpns
∗
β, and sµpms
∗
ν in IH . Using the
properties of the minimal sets Bn’s mentioned above, one can check that

X ∈ Jn, if n = m
X ∈ Jn, if Bm > Bn
X ∈ Jm, if Bn > Bm
X = 0, otherwise.
(11)
It then follows that both Jn and
In := span{sαpks
∗
β : α, β ∈ L
∗(E), 1 ≤ k ≤ n}
are C∗-subalgebras of IH , and moreover IH = ∪n≥1In holds. Thus it is enough to
show that each In is an AF algebra to obtain a contradiction.
Fix n ≥ 1 and consider the C∗-subalgebra In. For each k ∈ {1, . . . , n}, Jk is easily
seen to be isomorphic to the C∗-algebra of compact operators K(ℓ2(L(E≥1Bk))) (see
[26, Corollary 2.2]). Let {k1, . . . , knk} ⊂ {1, . . . , n} be the set of all such k’s that
Bk 6> Bj for all 1 ≤ j ≤ n. Then Jk is an ideal of In for each k ∈ {k1, . . . , knk},
and by (11), JkiJkj = {0} for i 6= j. Thus In contains an AF ideal ⊕k∈{k1,...,kn}Jk.
For the quotient map π : In → In/ ⊕k Jk, the image π(Ji) of Ji is either zero
or isomorphic to itself since each Ji is a simple C
∗-algebra. Then one can apply
the above argument to π(In) which has the subalgebras π(Ji)(∼= Ji), and find AF
ideals and the quotient algebra that is generated by subalgebras each of which is
isomorphic to the compact operators. This process should stop when a quotient
algebra consists of ideals which are all isomorphic to the compact operators and
mutually orthogonal, which proves that In is an AF algebra. 
The following corollary generalizes [8, Theorem 6.9]. In fact, as mentioned earlier,
the disagreeable and strongly cofinal labeled space (E,L, E) in Example 3.12 satisfies
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the condition of Corollary 3.14 below, but it does not satisfy the condition of [8,
Theorem 6.9].
Corollary 3.14. Let (E,L, E) be a strongly cofinal labeled space. If there exist a
vertex w ∈ E0, a strictly increasing sequence {li}i of integers, and paths {βi}i such
that (βi, [w]li) is a loop for each i ≥ 1, then every vertex connects to a loop (βi, [w]li)
for some i ≥ 1.
If, in addition, (E,L, E) is disagreeable, then the simple C∗-algebra C∗(E,L, E)
is purely infinite. In particular, if (E,L, E) is a strongly cofinal and disagreeable
labeled space with a cycle, then C∗(E,L, E) is purely infinite and simple.
Proof. Given a generalized vertex [v]l, since (E,L, E) is strongly cofinal, one can
find N ≥ 1 and paths δj , 1 ≤ j ≤ k such that
[w]l1 ⊂ r([w]l1 , β
N
1 ) ⊂ r(β
N
1 ) ⊂ ∪
k
j=1r([v]l, δj).
We may assume w ∈ [w]l1 ∩ r([v]l, δ1), and then for all large li we have [w]li ⊂
r([v]l, δ1) by (1). Thus [v]l connects to a loop (βli , [w]li). If (E,L, E) is disagreeable,
by Theorem 3.13.(a) we see that the simple C∗-algebra C∗(E,L, E) is purely infinite.

Remarks 3.15. Let (E,L, E) be a labeled space.
(a) One can modify the proof of Proposition 3.8 to obtain the same criterion for
quotient labeled spaces: Let (E,L, E/R) be a disagreeable quotient labeled
space. Then every nonzero hereditary C∗-subalgebra of C∗(E,L, E/R) con-
tains a nonzero projection p such that sµp[A]s
∗
µ  p for some µ ∈ L
∗
R(E) and
[A] ∈ E/R with sµp[A]s
∗
µ 6= 0 and [A] ⊂ [r(µ)].
(b) An argument similar to the proof of Theorem 3.13.(a) shows the following:
If a quotient labeled space (E,L, E/R) is disagreeable in which every vertex
connects to a loop, then C∗(E,L, E/R) has the property (IH).
3.3. An example: an infinite simple C∗-algebra of a labeled space (E,L, Eω)
with no cycles. It is well known that a simple graph C∗-algebra C∗(E) is infinite
if and if it is purely infinite, and this is also equivalent to the existence of a cycle
(or a loop) in the graph E. Moreover, if this is the case, then every vertex in E0
connects to a cycle.
For a simple labeled graph C∗-algebra C∗(E,L, E) associated to a disagreeable
and strongly cofinal labeled space (E,L, E), we know that the existence of a cycle
implies pure infiniteness of C∗(E,L, E) by Corollary 3.14. But the converse may
not be true. In fact, our purpose of this subsection is to provide an example of
a labeled space (E,L, Eω) with no cycle but with a loop for which C
∗(E,L, Eω) is
purely infinite and simple.
Example 3.16. In the following labeled graph (E,L)
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· · · · · · ,• • • • • • • • • • •// // //
         
// // // // // // //0 1 1 0 0 1 1 0 1 0
v0 v1v−1v−2v−3v−4 v2 v3 v4 v5 v6
c c c c c c c c c c
the {0, 1}-sequence is the bi-infinite Thue-Morse sequence which is an infinite {0, 1}-
sequence with no finite subpaths of the form ααα1 for any α = α1 · · ·α|α| ∈ {0, 1}
∗
(see [16], [22, Example 2.5, 2.7] for example). Let ei ∈ E
1, i ∈ Z, be the edge of
E with s(ei) = vi and L(ei) ∈ {0, 1}. For convenience, we write the Thue-Morse
sequence as an infinite labeled path
ω = · · ·ω−2ω−1ω0ω1ω2ω3 · · · ,
where ωi = L(ei) ∈ {0, 1}, i ∈ Z. It is well known that ω is not periodic but almost
periodic (or uniformly recurrent) in the sense that every finite subpath occurs with
a bounded gap. We write the accommodating set E by Eω. Note that (E,L, Eω)
is a disagreeable labeled space in which (ck, E0) is a loop for each k ≥ 1. Thus
C∗(E,L, Eω) is an infinite C
∗-algebra by Proposition 3.7, actually we have
1 = pr(c) = s
∗
csc ∼ scs
∗
c < scs
∗
c + s0s
∗
0 + s1s
∗
1 = 1.
We will show in the following proposition that the C∗-algebra C∗(E,L, Eω) is sim-
ple, and the labeled space (E,L, Eω) contains no cycles and no vertex [v]l (6= E
0)
connects to a loop.
Proposition 3.17. Let (E,L, Eω) be the disagreeable labeled space of Example 3.16.
Then we have the following.
(a) If (α,A) is a loop, then α = ck for some k ≥ 1.
(b) There exist no cycles.
(c) C∗(E,L, Eω) is purely infinite and simple.
Proof. (a) Suppose (α,A) is a loop with k := |α|. Then αr occurs in L∗(E) for
every r ≥ 1 since A ⊂ r(A,α) ⊂ r(A,α2) ⊂ · · · . If α has a {0, 1}-subpath, say α′
(which we may assume ends with 0), then r(α′) must contain a periodic finite set
of arbitrary cardinality. But this is not possible by Gelfond’s result [15] saying that
for any a, b ∈ N, ∣∣∣{n < N : ωan+b = 0}
∣∣∣ = N
2
+O(Nλ).
Thus we have α = ck.
(b) Suppose (α,A) is a cycle in (E,L, Eω). Then α = c
k for some k ≥ 1 by (a), and
B = r(B, ck) holds for any nonempty subset B ⊂ A. Especially for B = r(β) ⊂ A
where β is a {0, 1}-path of length |β| > 3k, we have
r(β) = B = r(B, ck) = r(r(β), ck) = r(βck) = ∪
δ∈{0,1}k
r(βδ).
Choose any vertex v ∈ r(β). Then v ∈ r(βδ) for some {0, 1}-path δ with |δ| = r.
This means that there must be a path β′ such that β′β = βδ. Since |β| > 3|δ|,
we obtain that β ends with δ3, which is not possible since β is a subpath of the
Thue-Morse sequence ω.
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(c) We first show that C∗(E,L, Eω) has the property (IH). Let [v]l be a generalized
vertex. Then there is a finite {0, 1}-path β ∈ L(El) such that [v]l = r(β). Since β is
a subpath of the almost periodic sequence ω, it occurs with a bounded gap, say Lβ.
Thus we can find finitely many paths δi of the form δi := αic for some αi ∈ {0, 1}
∗
such that s∗δisδj = 0 for i 6= j and
E0 ⊂ ∪i r([v]l, δi) = ∪i r(βδi).
This is possible since if w ∈ E0 is a vertex, then w ∈ r(βαc) for some {0, 1}-path
α (possibly α = ǫ) such that |α| ≤ Lβ. Thus [v]l connects to a loop (c,E
0), and by
Theorem 3.13.(a) C∗(E,L, Eω) has the property (IH).
To see that C∗(E,L, Eω) is simple, we only need to show by Remark 2.6 that
(E,L, Eω) is strongly cofinal. Let [v]l = r(β), β ∈ {0, 1}
l, be a generalized vertex
as above and let x ∈ L(E∞). We already know that E0 ⊂ ∪i r([v]l, δi) for finitely
many paths δi’s, and thus r(x[1,N ]) ⊂ E
0 = ∪ir([v]l, δi) for any N ≥ 1, which shows
that (E,L, Eω) is strongly cofinal as desired. 
Remark 3.18. Pure infiniteness of C∗(E,L, Eω) can also be obtained if one can prove
that the standard action of the inverse semigroup
S :=
{
sαpr(δ)s
∗
β : α, β, δ ∈ L
∗(E), |δ| ≥ max{|α|, |β|}
}
associated to the labeled space (E,L, Eω) on the tight spectrum Eˆ(S)tight of E(S) is
locally contracting in the sense of [13, Definition 6.2] (although this does not seem
to work easily), because then by [13, Proposition 6.3] the tight groupoid Gtight(S) is
locally contracting, and hence by [1, Proposition 2.4] one sees that the C∗-algebra
C∗(E,L, Eω) is purely infinite.
For this inverse semigroup S of C∗(E,L, Eω), the standard action is locally con-
tracting if and only if S is locally contracting in the sense of [13, Definition 6.4] by
[13, Theorem 6.5] since every tight-filter is a ultra-filter which we briefly show here.
First recall that a filter ξ is a ultra-filter if and only if ξ contains every idempotent f
such that fe 6= 0 for every e ∈ ξ. Let η be a tight-filter and f = sσpr(β)s
∗
σ ∈ E(S) be
an idempotent such that fe 6= 0 for every e ∈ η. There is a unique tight character
φ on E(S) such that η = ηφ := {e ∈ E(S) : φ(e) = 1}. Pick e = sµpr(α)s
∗
µ ∈ ηφ. By
[12, Proposition 1.8] we have for every finite cover Z ⊂ E(S) for e,
∨
z∈Z
φ(z) ≥ φ(e) = 1,
which implies that if e =
∑n
i=1 ei is a finite sum of mutually orthogonal idempotents
ei ∈ E(S), for example, one can write e as follows
e =
∑
ν∈Lk(E)
sµνpr(αν)s
∗
µν or e =
∑
αi∈{0,1}l
sµpr(αiα)s
∗
µ
for k, l ≥ 1, then φ(ei) = 1 for one and only one ei because {e1, . . . , en} is a
cover for e and φ is a multiplicative function with φ(0) = 0. Also the identity
r(α) = ∪
αi∈{0,1}
|α|
r(αi)=r(α)
r(αi) allows us to assume that α is a {0, 1}-path. Thus we may
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pick e ∈ ηφ such that |µ| ≥ |σ| and α is a {0, 1}-path with |α| ≥ |β|+ |µ|− |σ|. Then
0 6= fe = sσpr(β)s
∗
σ · sµpr(α)s
∗
µ
=
∑
|σ′|=|µ|−|σ|
sσσ′pr(βσ′)s
∗
σσ′ · sµpr(α)s
∗
µ
= sσσ′ pr(βσ′) · pr(α)s
∗
µ (for σσ
′ = µ)
= sσσ′ ·
∑
βiβσj∈{0,1}|α|
pr(βiβσj) · pr(α)s
∗
µ
= sσσ′pr(α)s
∗
µ
= e ∈ ηφ.
Since f ≥ fe and ηφ is a filter, we have f ∈ ηφ, which proves that ηφ is a ultra-filter.
4. Purely infinite labeled graph C∗-algebras
In this section, we find equivalent conditions for a labeled graph C∗-algebra
C∗(E,L, E) to be purely infinite when the labeled space (E,L, E) is strongly dis-
agreeable (see Definition 4.2).
We begin with the following Cuntz-Krieger uniqueness theorem for quotient la-
beled graph C∗-algebras. Although the theorem can be obtained by standard ar-
guments as the proof of [8, Theorem 5.5] for labeled graph C∗-algebras, we give a
proof here only to make sure that our definition of a ‘disagreeable’ quotient labeled
space (Definition 3.3) does not cause any degenerate relations. We will use this
uniqueness theorem later in Lemma 4.4.
Theorem 4.1. Let (E,L, E/R) be a disagreeable quotient labeled space and let
C∗(E,L, E/R) = C∗(sa, p[A]). If {Sa, P[A]} is a representation of (E,L, E/R) such
that P[A] 6= 0 for [A] 6= [∅] and Sa 6= 0 for [r(a)] 6= [∅], then the homomorphism
πS,P : C
∗(E,L, E/R)→ C∗(Sa, P[A])
with πS,P (sa) = Sa and πS,P (p[A]) = P[A] is faithful.
Proof. As usual (for example, see [8, Theorem 5.5]), it is enough to show that
(a) πS,P is faithful on C
∗(E,L, E/R)γ and
(b) ‖πS,P (Φ(a))‖ ≤ ‖πS,P (a)‖ for all a ∈ C
∗(E,L, E/R), where Φ is the condi-
tional expectation onto the fixed point algebra C∗(E,L, E/R)γ .
But (a) was shown in the proof of [20, Theorem 4.2], and thus we show (b). By (4),
it suffices to prove (b) for an element a of the form
a =
∑
(α,[[w]l],β)∈F
cα,[[w]l],β sαp[[w]l]s
∗
β,
where F is a finite set and cα,[[w]l],β ∈ C. Let k = max{|α|, |β| : (α, [[w]l], β) ∈ F}.
We can choose k ∈ N by applying Definition 2.4(iv) and changing F if necessary
such that min{|α|, |β|} = k for every (α, [[w]l ], β) ∈ F . Let M = max{|α|, |β| :
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(α, [[w]l], β) ∈ F}. We also may suppose that l ≥ M − k. Since |α| = |β| = k
whenever |α| = |β|, we have
Φ(a) =
∑
(α,[[w]l],β)∈F
|α|=|β|=k
cα,[[w]l],β sαp[[w]l]s
∗
β ∈ ⊕[[w]l]F
k([[w]l]).
Thus the norm ‖πS,P (Φ(a))‖ is attained on a direct summand, say F
k([[v]l]). For
this [[v]l], let F[v]l := {(α, [[v]l ], β) : (α, [[v]l], β) ∈ F}. Then we have
‖πS,P (Φ(a))‖ =
∥∥∥ ∑
(α,[[v]l],β)∈F[v]l
|α|=|β|=k
cα,[[v]l],β SαP[[v]l]S
∗
β
∥∥∥.
It is easy to see that the ∗-algebra span{SαP[[v]l]S
∗
β : α, β ∈ G}, where
G := {α ∈ LR(E
k) : either (α, [[v]l ], β) ∈ F[v]l or (β, [[v]l], α) ∈ F[v]l with |α| = |β| },
is a finite dimensional matrix algebra and contains the element
bv :=
∑
(α,[[v]l],β)∈F[v]l
|α|=|β|=k
cα,[[v]l],β SαP[[v]l]S
∗
β.
Since [[v]l] is disagreeable (see Definition 3.3), we can choose a path λ ∈ LR([[v]l]E
>M )
which has no factorization λ = λ′λ′′ = λ′′γ for λ′, γ ∈ L∗R(E) with |λ
′| = |γ| ≤
M − k ≤ l and [r([v]l, λ)] 6= [∅]. This gives a nonzero projection
Q =
∑
ν∈G
SνλP[r([v]l,λ)]S
∗
νλ.
It is routine to check the following (for example, see [8, Theorem 5.5])
(i) ‖QπS,P (Φ(a))Q‖ = ‖πS,P (Φ(a))‖
(ii) QSαP[[v]l]S
∗
β Q = 0 when (α, [[v]l], β) ∈ F and |α| 6= |β|.
Then we see that
‖πS,P (Φ(a))‖ = ‖QπS,P (Φ(a))Q
∥∥∥
=
∥∥∥Q( ∑
(α,[[v]l],β)∈F[v]l
|α|=|β|
cα,[[v]l],β SαP[[v]l]S
∗
β
)
Q
∥∥∥
=
∥∥∥Q( ∑
(α,[[v]l],β)∈F[v]l
cα,[[v]l],β SαP[[v]l]S
∗
β
)
Q‖
≤
∥∥∥ ∑
(α,[[v]l],β)∈F[v]l
cα,[[v]l],β SαP[[v]l]S
∗
β
∥∥∥
= ‖πS,P (a)‖.
This completes the proof. 
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4.1. Gauge-invariant Ideals of C∗-algebras of strongly disagreeable la-
beled spaces. Here we introduce a property, called ‘strongly disagreeable’, of a
labeled space (E,L, E) which we believe is a necessary condition for the C∗-algebra
C∗(E,L, E) to be purely infinite, at least in many practical examples we easily come
across with including all the graph C∗-algebras.
As is seen from the following labeled graph, a C∗-algebra C∗(E,L, E) is not
necessarily purely infinite for a disagreeable labeled space (E,L, E) if it has a non-
disagreeable quotient labeled space:
• • • •;; // // //b
a a a
v0 v1 v2 v3
· · ·
Definition 4.2. We say that (E,L, E) is strongly disagreeable if the quotient labeled
space (E,L, E/H) is disagreeable for every hereditary saturated subset H of E .
Remarks 4.3. Let E be a row-finite graph with no sinks.
(a) E satisfies condition (K) if and only if the labeled space (E,Lid, E) is strongly
disagreeable: Recall first that E satisfies condition (K) if and only if every
ideal of C∗(E) is gauge-invariant (see [2, Lemma 2.2] for the fully general
version). Thus Proposition 4.4 below implies that if (E,Lid, E) is strongly
disagreeable, then E has condition (K). The converse can be easily seen by
considering a quotient graph because a hereditary saturated set H (E/H,
respectively) of E can be identified with a hereditary saturated set of E0
(E0 \H, respectively).
(b) A strongly aperiodic higher rank graph was introduced in [24], and it was
shown [33, Corollary 3.9] that a k-graph Λ is strongly aperiodic if and only
if every ideal of the C∗-algebra C∗(Λ) associated to Λ is gauge invariant.
Thus strong aperiodicity can be viewed as the higher-rank graph analogue
for condition (K).
Proposition 4.4. If (E,L, E) is strongly disagreeable, every ideal of C∗(E,L, E) is
gauge-invariant.
Proof. Let I be an ideal of C∗(E,L, E). Then HI = {A ∈ E : pA ∈ I} is a saturated
hereditary subset of E and the ideal IHI generated by the projections {pA : A ∈ HI}
is gauge invariant [20, Lemma 3.9]. Since IHI ⊆ I, the quotient map
q : C∗(E,L, E)/IHI → C
∗(E,L, E)/I
given by q(s+ IHI ) := s+ I for s ∈ C
∗(E,L, E), is well-defined. From [20, Theorem
5.2], we have an isomorphism π : C∗(E,L, E/HI) → C
∗(E,L, E)/IHI which maps
the canonical generators to the canonical generators. Then the composition map
q ◦ π : C∗(E,L, E/HI)→ C
∗(E,L, E)/I satisfies
q ◦ π(p[A]) = q(pA + IHI ) = pA + I
q ◦ π(sa) = q(sa + IHI ) = sa + I
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for [A] ∈ E/HI and a ∈ AHI . If p[A] 6= 0, then [A] 6= [∅] in E/HI , hence A /∈ HI .
Thus pA + I ∈ C
∗(E,L, E)/I is a nonzero projection. Also for a ∈ AHI (namely
[r(a)] 6= [∅] in HI), we have q ◦ π(sa) = q(sa + IHI ) = sa + I 6= 0 because otherwise
pr(a) = s
∗
asa ∈ I, a contradiction to [r(a)] 6= [∅] in HI . Since the quotient labeled
space (E,L, E/HI) is disagreeable by our assumption, we see that the map q ◦ π is
injective by Theorem 4.1. Thus q is be injective, so that I must coincide with the
gauge invariant ideal IHI .
Note that if I is an ideal such that HI = {∅}, then IHI = {0}, and q ◦ π is the
quotient map q : C∗(E,L, E)→ C∗(E,L, E)/I. Since the family {pA + I, sa + I} is
a representation of the labeled space (E,L, E) in the C∗-algebra C∗(E,L, E)/I such
that pA + I 6= 0 and sa + I 6= 0 for each A ∈ E and a ∈ A, the disagreeability of
(E,L, E) asserts by the Cuntz-Krieger unique theorem that q is injective. Thus we
have I = {0}. 
Example 4.5. For the following labeled graph
• • • •

AA
''
88
''
88
''
88 · · · ,
a a a
b b b
c
d
v0
v1 v2 v3
it is not hard to see that E = {A ⊂ E0 : A is finite or co-finite }. The labeled space
(E,L, E) is disagreeable, and there are only three non-trivial hereditary saturated
subsets of E ; H1 = {A ⊂ E
0 : |A| <∞}, H2 = {A ⊂ E
0 \ {v0} : |A| <∞ or |A
c| <
∞}, and H3 = {A ⊂ E
0 \ {v0} : |A| < ∞}. Note that H3 ⊂ H2 ∩ H1. To see
what each quotient algebra C∗(E,L, E/Hi) would be like, it is helpful to view each
quotient labeled space (E,L, E/Hi) as if it is a labeled space:
• ee99a b(E,L, E/H1) :
[E0]
• ee99c d(E,L, E/H2) :
[{v0}]
• ee99c d(E,L, E/H3) :
[{v0}]
•99 eea b
[r(a)]
Then it is rather obvious that (E,L, E/Hi) is disagreeable for all i = 1, 2, 3, and
thus by Proposition 4.4 every ideal of C∗(E,L, E) is gauge-invariant. Consequently,
the C∗-algebra C∗(E,L, E) has only three non-trivial ideals IHi , i = 1, 2, 3, by
Remark 2.5.(a).
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4.2. Purely infinite C∗-algebras of strongly disagreeable labeled spaces.
We see from the following lemma that if C∗(E,L, E) is purely infinite, every loop
on a minimal set should have an exit.
Lemma 4.6. Let (E,L, E) be a labeled space with a minimal set A ∈ Emin. If
there is a loop (α,A) which has no exits, then the C∗-algebra C∗(E,L, E) contains
a hereditary subalgebra isomorphic to Mn(C(T)) for some n ∈ N.
Proof. Since (α,A) has no exits, we have A = r(A,α) and L(AE|α|) = {α}. These
two conditions imply that
L(AE≥1) = {αkα′ : k ≥ 0, α′ is an initial path of α}. (12)
Thus
pA = sα1pr(A,α1)s
∗
α1
= sα[1,2]pr(A,α[1,2])s
∗
α[1,2]
= · · · = sαpr(A,α)s
∗
α.
Furthermore the relative ranges r(A,α[1,i]) are all minimal and mutually disjoint
for 1 ≤ i ≤ |α|. In fact, if r(A,α[1,i]) is the union of two disjoint sets B1, B2 ∈ E ,
then
A = r(A,α) = r(r(A,α[1,i]), α[i+1,|α|]) = r(B1, α[i+1,|α|]) ∪ r(B2, α[i+1,|α|]),
and r(B1, α[i+1,|α|]) ∩ r(B2, α[i+1,|α|]) = ∅ since (E,L, E) is weakly left-resolving.
From minimality of A, one of the two sets must be empty. But this also implies
that B1 = ∅ or B2 = ∅ because r(A,α[1,i]) = B1∪B2 has no sinks. Hence, r(A,α[1,i])
is minimal. We may assume that α is a loop at A with the smallest length (that is,
|α| ≤ |β| for any loop (β,A) or β ∈ L(AE≥1A)), and then we can easily see that
r(A,α[1,i]) ∩ r(A,α[1,j]) = ∅
for 1 ≤ i, j ≤ |α|, i 6= j. For 1 ≤ i ≤ n := |α|, set Ai := r(A,α[1,i]) and
p := pA1 + · · ·+ pAn .
Now we claim that pC∗(E,L, E)p ∼= C(T)⊗Mn. For sµpCs
∗
ν ∈ C
∗(E,L, E), if
p(sµpCs
∗
ν)p =
∑
i,j
sµpr(Ai,µ)∩C∩r(Aj ,ν)s
∗
ν 6= 0,
then sµpr(Ai,µ)∩C∩r(Aj ,ν)s
∗
ν 6= 0 for some i, j. Hence
r(Ai, µ) ∩ r(Aj, ν) = r(A,α[1,i]µ) ∩ r(A,α[1,j]ν) 6= ∅.
We then see from (12) that the paths µ, ν are of the form
µ = α[i+1,,n]α
lα[1,k], ν = α[j+1,n]α
mα[1,k′]
for some l,m ≥ 0 and 0 ≤ k, k′ < n. Then ∅ 6= r(A,α[1,i]µ) ∩ r(A,α[1,j]ν) =
r(A,αl+1α[1,k]) ∩ r(A,α
m+1α[1,k′]) = r(A,α[1,k]) ∩ r(A,α[1,k′]) = Ak ∩ Ak′ . Thus,
k = k′ (namely, r(Ai, µ) = r(Aj , ν)) and
sµpr(Ai,µ)∩C∩r(Aj ,ν)s
∗
ν = sα[i+1,n]αlα[1,k]pr(A,α[i,k])s
∗
α[j+1,n]α
mα[1,k]
= sα[i+1,n]αlα[1,k]pAks
∗
α[j+1,n]α
mα[1,k]
.
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This means that the hereditary subalgebra pC∗(E,L, E)p is generated by the ele-
ments pAi−1sαi(= sαipAi). Let γ be the restriction of the gauge action on C
∗(E,L, E)
to the hereditary algebra pC∗(E,L, E)p (which is obviously gauge-invariant) and let
β be the gauge action of the universal C∗-algebra C(T)⊗Mn (which is actually a
graph C∗-algebra) generated by the partial isometries t1, . . . , tn satisfying
t∗i ti = ti+1t
∗
i+1, t
∗
ntn = t1t
∗
1, and
n∑
j=1
t∗j tj = 1
for 1 ≤ i ≤ n−1. But the elements sαipAi , 1 ≤ i ≤ n, satisfy the relations with p in
place of 1, hence by universal property of C(T)⊗Mn, there exists a homomorphism
π : C(T)⊗Mn → pC
∗(E,L, E)p
such that π(ti) = sαipAi for 1 ≤ i ≤ n. It is then immediate to have π(βz(ti)) =
γz(π(ti)) for all i and the gauge invariant theorem ([7, Theorem 5.3]) proves the
injectivity of π. 
Several equivalent conditions for a graph C∗-algebra C∗(E) to be purely infinite
are known in [18, Theorem 2.3]. In particular, if E is a row-finite graph, then
C∗(E) is purely infinite if and only if E satisfies condition (K) and every vertex
in a maximal tail connects to a loop in the maximal tail. Thus if α is a loop in
E, there is another loop β which is neither an initial path of α nor an extension
of α whenever C∗(E) is purely infinite. In the same vein, we have the following
proposition.
Proposition 4.7. Let (E,L, E) be a labeled space with a loop at a minimal set
A ∈ Emin. If C
∗(E,L, E) is purely infinite, then there exist at least two loops (α,A)
and (β,A) such that βm 6= αk for all m,k ≥ 1.
Proof. Let (α,A) have the smallest length among the loops at A. To prove the
theorem, we show that if there is no loops at A other than (αk, A), then a quotient
algebra of C∗(E,L, E)/IH (for a hereditary saturated subsetH of E) has a hereditary
subalgebra isomorphic toMn(C(T)), which then contradicts to the assumption that
C∗(E,L, E) is purely infinite.
Observe for the minimal set A ∈ Emin that
(β,A) is a loop if and only if β ∈ L(AE≥1A),
which is immediate from A ⊂ r(A, β) if and only if r(A, β)∩A 6= ∅. Suppose to the
contrary that
if β ∈ L(AE≥1A), then βm ∈ {αk : k ≥ 1} for some m ≥ 1, (13)
and let
H :=
{
B ∈ E : r(B, β) ∩A = ∅ for all β ∈ L∗(E)
}
.
Then H 6= E because A /∈ H. Since C∗(E,L, E) is purely infinite, by Lemma 4.6, α
must have an exit, hence one of the following holds.
(i) There exists a γ ∈ L(AE|α|) with γ 6= α.
(ii) A ( r(A,α).
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If (i) holds, then r(A, γ) ∈ H since r(r(A, γ), β) ∩ A = r(A, γβ) ∩ A 6= ∅ for some
β implies that γβ ∈ L(AE≥1A), that is, γβ is a loop at A. Hence (γβ)m = αk
for some m,k ≥ 1 by (13), which then gives γ = α, a contradiction. If (ii) is the
case, then r(A,α) \ A ∈ H. For this, suppose B := r(A,α) \ A /∈ H. Then there is
β ∈ L∗(E) such that r(B, β) ∩A 6= ∅. Again by minimality of A, we have
A ⊂ r(B, β) = r
(
r(A,α) \A, β
)
⊂ r(A,αβ) (14)
which shows that (αβ,A) is a loop, and
A ⊂ r(A,α) ⊂ r
(
r(B, β), α
)
= r(B, βα) = r
(
r(A,α) \A, βα
)
. (15)
Again by (13), there exist m,k ≥ 1 such that (αβ)m = αk, but then α(βα)m−1β =
(αβ)m = αk = ααk−1 and thus (βα)m−1β = αk−1. Multiplying both sides by α
from the right, we have (βα)m = αk = (αβ)m, or βα = αβ. Thus we have from
(14) and (15) a contradiction to our standing assumption that (E,L, E) is weakly
left-resolving, and see that H is nonempty.
To show that H is hereditary, let B ∈ H and γ ∈ L∗(E). If r(B, γ) /∈ H, then
r(r(B, γ), β) ∩ A 6= ∅ for some β ∈ L∗(E), but then r(B, γβ) ∩ A 6= ∅, which is a
contradiction to B ∈ H. Thus H is closed under relative ranges. It is rather obvious
that H is closed under taking finite unions and subsets.
In order to see that H is saturated, let B ∈ E satisfy r(B, γ) ∈ H for all γ ∈
L∗(E). If B /∈ H, then r(B, β) ∩A 6= ∅ for some β. Thus again from minimality of
A, we obtain the inclusion A ⊂ r(B, β) and thus
A ⊂ r(A,α) ⊂ r
(
r(B, β), α
)
which means r(B, β) /∈ H, a contradiction.
Consider the quotient labeled space (E,L, E/H). If A ∪W = ∅ ∪W for some
W ∈ H, then A ∈ H (since H is closed under taking subsets) which is not true,
hence [A] 6= [∅] in E/H. Since r(A,α) \ A belongs to H as seen above, [A] =
[r(A,α)](= r([A], α)), and thus (α, [A]) is a loop in (E,L, E/H) without an exit
of type (ii). If it has an exit of type (i) with a path µ ∈ LH([A]E
|α|), µ 6= α
and r([A], µ) 6= [∅], then [r(A,µ)] 6= [∅], that is, r(A,µ) /∈ H. Then there exists a
β ∈ L∗(E) such that r(r(A,µ), β) ∩A 6= ∅, or equivalently A ⊂ r(A,µβ). But then
by (13) (µβ)m = αn for some m,n ≥ 1. Thus we have µ = α, a contradiction.
Obviously [A] ∈ E/H is a minimal set, one can apply the same arguments in the
proof of Lemma 4.6 to see that the C∗-algebra C∗(E,L, E/H) contains a hereditary
C∗-subalgebra isomorphic to Mn(C(T)) for some n ≥ 1. Then the quotient C
∗-
algebra C∗(E,L, E)/IH (∼= C
∗(E,L, E/H)) is not purely infinite, a contradiction. 
Since pure infiniteness of C∗(E) implies that every quotient graph of E satisfies
condition (L), one might expect that a labeled space (E,L, E) should be strongly
disagreeable whenever its C∗-algebra C∗(E,L, E) is purely infinite. In fact, this is
true in some cases including all (locally finite directed) graphs.
Proposition 4.8. Let (E,L, E) be a labeled space such that every quotient labeled
space satisfies the condition (∗). If C∗(E,L, E) is purely infinite, then (E,L, E) is
strongly disagreeable.
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Proof. We prove the proposition for a labeled space (E,L, E) since the argument
we give here is valid for quotient labeled spaces.
Suppose (E,L, E) is not disagreeable. By Proposition 3.2 (or Remark 3.4), there
exist A ∈ E and δ ∈ L∗(E) satisfying L(AE|δ|n) = {δn} for all n ≥ 1. By choosing
δ with the smallest length, this is equivalent to say that
L(AE≥1) = {δnδ′ : n ≥ 0, δ′ is an initial path of δ}. (16)
Since A contains a minimal subset and (16) holds true for any subset of A in E , we
may assume that A is minimal. Moreover, any loop at A is of the form δn. In fact,
if α = δnδ′ is a loop for some n ≥ 1 and δ′ with δ = δ′δ′′, then α∞ = (δnδ′)∞ = δ∞
by (16), which implies δ′δ′′ = δ′′δ′. Since δ has the smallest length among the paths
satisfying (16), we must have δ = δ′ (see the proof of Lemma 3.1).
We claim that L(AE≥1A) = ∅. If there is a path α ∈ L(AE≥1A), then α satisfies
r(A,α) ∩A 6= ∅, and hence it is a loop at A since A is minimal. We may assume α
has the smallest length among the paths in L(AE≥1A). Since C∗(E,L, E) is purely
infinite, by Proposition 4.7 there exists a loop β at A such that βm /∈ {αk : k ≥ 1}
for all m ≥ 1. Thus β 6= δm for all m ≥ 1, a contradiction.
Let Emin be the set of all minimal sets in E and let
{Bn : n ≥ 1} := {B ∈ Emin : B ⊂ r(A,α) for some α ∈ L(AE
≥1)}.
as in the proof of Theorem 3.13. Then the previous arguments for A can be applied
to Bn to see that
r(Bn, α) ∩Bn = ∅ (17)
for all n ≥ 1 and α ∈ L(BnE
≥1). If n 6= m and Bn ∩ r(Bm, λ) 6= ∅ for some
γ ∈ L∗(E) (hence, if Bn ⊆ r(Bm, λ)), we write Bm > Bn. Note that once Bm > Bn
holds, Bn > Bm is not possible because of (17). Then the hereditary subset H of
E consisting of all finite unions of Bn’s gives rise to an ideal IH , and this ideal can
be shown to be an AF algebra in the same way as before, which is a contradiction
to Remark 2.7.(c). 
In view of the fact that if C∗(E,L, E) is purely infinite, then every quotient C∗-
algebra (particularly every C∗-algebra of a quotient labeled space) is purely infinite,
Proposition 4.8 supports our stance to discuss the pure infiniteness of labeled graph
C∗-algebras only for strongly disagreeable labeled spaces. Theorem 4.9 below is
a non-simple version of Proposition 3.9. Note that the equivalent conditions in
the theorem are also equivalent to the following: every nonzero hereditary C∗-
subalgebra of C∗(E,L, E/H) contains an infinite projection for every hereditary
saturated subset H of E .
Theorem 4.9. Let (E,L, E) be a strongly disagreeable labeled space. Then the
following are equivalent:
(a) Every nonzero hereditary C∗-subalgebra in every quotient of C∗(E,L, E) con-
tains an infinite projection.
(b) C∗(E,L, E) is purely infinite.
(c) For each A ∈ E the projection pA is properly infinite.
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Proof. We only need to show that (c) implies (a). If C∗(E,L, E) is simple, the
assertion follows from Proposition 3.9. If C∗(E,L, E) = C∗(sa, pA) is not simple,
and I is a nonzero ideal of C∗(E,L, E), then by Lemma 4.4, I is gauge-invariant,
that is, I = IH for a nonempty hereditary saturated subset H (in fact, H = {A ∈
E : pA ∈ I}). Moreover, with C
∗(E,L, E/H) = C∗(ta, p[A]), there is an isomorphism
ψ : C∗(E,L, E/H)→ C∗(E,L, E)/I
such that ψ(p[A]) = pA + I and ψ(ta) = sa + I for [A] ∈ E/H and a ∈ AH (Re-
mark 2.5). Now, we show that a nonzero hereditary C∗-subalgebraB of C∗(E,L, E/H)
has an infinite projection. Since (E,L, E/H) is disagreeable, applying Proposi-
tion 3.8 (also see Remarks 3.15.(a)) we have a nonzero projection p ∈ B such that
sµp[A]s
∗
µ  p for some µ ∈ L
∗
H(E) and [A] ∈ E/H, [A] 6= [∅]. On the other hand, the
projection pA + I 6= 0 is properly infinite in C
∗(E,L, E)/I because pA is properly
infinite by (c). But the property of being properly infinite is preserved under a ∗-
homomorphism, hence the projection p[A] = ψ
−1(pA + I) is properly infinite. Thus
p is infinite in B. 
Corollary 4.10. Let (E,L, E) be a strongly disagreeable labeled space. If for every
hereditary saturated subset H of E, every vertex connects to a loop in the quotient
labeled space (E,L, E/H), then C∗(E,L, E) is purely infinite.
Proof. This follows from Theorem 4.9 and Remarks 3.15 . 
Example 4.11. For the labeled graph (E,L) given by
· · · · · · ,• • • • •
'' '' '' ''
gg gg gg gg
  b b b b
c c c c
a
v0 v1v−1v−2 v2
the accommodating set E consists of the finite or co-finite vertex subsets, and
H := {A ⊂ E0 : A is finite}
is the only non-trivial hereditary and saturated subset of E . Each single vertex
set {vi} = [vi]|i| ∈ E , i ∈ Z admits a loop, hence the projections p{vi} are all
infinite because the labeled space (E,L, E) is disagreeable. Since AH = {b, c},
E/H = {[∅], [E0]}, and [r(b)] = [r(c)] = [E0], the quotient labeled space (E,L, E/H)
can be visualized as follows.
• ff99b c
[E0]
Clearly (E,L, E/H) is disagreeable, hence the labeled space (E,L, E) is strongly
disagreeable. For each A ∈ E , the infinite projection pA ∈ C
∗(E,L, E) is either zero
or infinite in the quotient algebra C∗(E,L, E)/IH ∼= C
∗(E,L, E/H), and thus pA is
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properly infinite ([28, Proposition 3.14]). Therefore the C∗-algebra C∗(E,L, E) is
purely infinite by Theorem 4.9.
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